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Abstract

Recently, Belbachir and Belkhir gave some recurrence relations
for the r-Lah numbers. In this paper, we give other properties
for the r-Lah numbers, we introduce and study a restricted
class of these numbers.
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1 Introduction

For r € N, the r-Lah number [ZJ , Play an important role in combinatorics

and counts the number of partitions of a n-set into k& ordered blocks such

that the r first elements are in different blocks. Recall that the exponential {E
generating function of r-Lah numbers is to be

n+r| t? 1 tk
]_ _—=
() Z;c [k + rJrn! k! (1= ¢)Ft

These numbers satisfy the following triangular recurrence relation

) mr:[Z:”TH"M_U[”;IJT’ n>k>r.

and have the explicit expression
— ) - -1\ /n—
I I o L W (k. e LY il B
ki, (k—r)\k+r—-1 (k+r—1\k—r
Recently, Belbachir and Belkhir gave some recurrence relations for the r-
Lah numbers, see also [3]. In this paper, we give other properties for these

numbers and we study a restricted class of them by giving their generating
function and some combinatorial recurrence relations.

Definition 1 Let s be a positive integer and v be a non-negative integer.
The s-degenerate r-Lah numbers, denoted by ]_ZJ iT, count the number of
partitions of a n-set into k ordered blocks, each one has a length at least s

elements and such that the first r elements must be in different blocks.
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2 Some properties for the r-Lah numbers

Two recurrence relations for the r-Lah numbers are given by the following

proposition on using in (3) the fact that (Zi:j) = (ZI::?) + (Zi;:g) and
n—r\y __ (n—r—1 n—r—1

(k:—-'r) - ( k—r ) + (k—r—l)'

Proposition 2 Forr < k we have

R =

n n—1 n+r—1|n-1
= -1 e ——— .
e I R = [

Note that for » = 0 or 1 we obtain Corollary 2.1 given in [2].

n

n
Now, it is known from [1] that the polynomial P, (z) = Y- |}|,* has only
k=0

real roots, distinct and non-positive. The following pr(;position shows a
similar result for the r-Lah numbers.

Proposition 3 The polynomial P, (x;7) = Y, LZi;J z* has only non-
k=0 "

positive real Toots.

Proof. Set T, (z;r) := z"exp (z) P, (z;r). The recurrence relation (2)
shows that T, (z;7) = m2%Tn_1 (z; 7). So, by induction on n, the function
T, (z;r) vanishes on |—00,0]. =

On using Newton’s inequality given by Hardy et al. [4, p. 52] we may
state that the sequence (LZJT, 0<k< n) is strongly log-concave.
Similarly to a result of Ahuja and Enneking [1] on the Lah numbers, on
using (2), one can prove by induction on n, the following proposition.

Proposition 4 We have

1 1 (=" 1\ &|n+r| 1
(e (3)) e () X =

k=0

3 The s-degenerate r-Lah numbers

From the definition, the s-degenerate r-Lah numbers are zero when n < sk
or k < r. We start this section by giving the following theorem.

Theorem 5 For n > sk, we have

[”JST= BT S (ts) ().

—r)!
k r (k T)'n1+...+nk=n—sk
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Proof. To partition the set [n] := {1,2,...,n} into &k ordered blocks such
that each block has a length > s and the elements of the set [r] are in
different blocks, we construct & subsets By, ..., By for which we insert the
elements of the set [r] be in By, ..., B, (one element in each subset). To
construct the k subsets, there is @—_1T—), (nln”’"m) ways to choose n1,...,nk
in{r+1,...,n} such that n;+1 > s, n; elements are in B; fori =1,...,r,
and, n; > s, n; elements are in B; fori =r+1,...,k.

Now, to form the k ordered blocks, we permute the elements of each subset.
The number of permutations is equal to

(BAIY) +~ (Belt) (1Brsal) -~ (1Bel) = (oa + - (o D7l
By meaning M for the set of the vectors (ni,...,nk) such that
ni+-+ng=n-r, (n1+1,...,0+1,n41,...,0k) € {s,s+1,...}k,
the total number of such partitions is

M= <nf.._.,’”nk)ilill<m+1>!ﬁm!

r 1=r+1

_ (n:T)' Z (n1+1)-(n,+1)

= (n—r)! Z (ny+5)- - (nr +5)

‘ni4-Ang=n—sk

which complete the proof. m
As a consequence of Theorem 5, we may state:

Corollary 6 The s-degenerate r-Lah numbers have generating function

Tin sk+(s—1)r
n+ TJ Tt 1t r
— = (1+(s—1)(1-1))".
nZlek—i—r . e
Proof. For [t| < 1, Theorem 5 shows that we have
E n+r STtn

k+r],. n!

n>k

= % Z t" Z (ny+s)---(n,.+5s)

n>sk+(s—1)r (n1+s)++nryr+s)=n+r

-5 X > e d

‘n>sk+(s—1)r  Jiteotiker=ntr J128.. o Jkpr>S

B % Z Z g1 .jth1+~<-+jk+,,‘——r

’ n>sk+(s—1)r ji+-+iktr=n+r, J128, . ,Jktr>8
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and this is equal to

% Z (jltjl_l) T (jrt'lr_l) (tj“r") L. (tjk+1»)

J128,0 sk =8
r k

- % > gt >

iz i>s

o 1/d ot T/ e \F
kI \dt1—t 1—t

1 tsk+(s~l)r

= H(~1_—lt)kﬁ;(1+(s—1)(1—t))T

which complete the proof. m
Corollary 7 For r < k we have

) (L e

K

and satisfy for r < k the recurrence relations

I S e (N e

1 HST s—l[anT (n—r—l)!(k—r+1)[n+srT
k

k—rlk], 1 n—rlk|, (n+s—r)! k+1],

Proof. On using Corollary 6, we get

n4r|Tm T\ ¢ DA (g 1) gk~
2 [k + TJT nl Z(J') KL (1 p)FI

n>sk+(s—1)r 7=0

and on using (1) and (3) to express the factor ﬁl—fW as
Z n+r tr Z n+2r—1
Kl k—j+r].n! Nl k—j+2r—1

the first identity follows by identification. The recurrence relations can be
obtained by applying the identity (}) = (”;1) + (3= 1) to the coefficients

(n+j;J(rSj—_11)k—1) and (;) in the first identity. m
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Remark 8 From Corollary 6 and (1) we get

n+r sTyn n+r| t"
E (e —(g— T 4(s=1)(k+7) E b
[k+TJr n! (S (S l)t) t [k +TJ7‘n!

n>k n>k

which proves that we have

2 =R 0) (i) e Non ok

T j=0

The s-degenerate r-Lah numbers possess a probabilistic interpretation
given by the following proposition.

Proposition 9 Let A be a real number with 0 < A < 1, {X,,} and {Y,}
two independent sequences of independent random variables with

MG +5s)

_ANVTEY oy i >
T+ -Da N 920

P(Xn=5)=A(1=), P(Ya=j)=

and let Spr=X1+--+ X+ Y1+ - +Y,.. Then, we have

k+2r _ n | sT
P(S’m:n):)\ (1=X) k {n—l—s(k—}—r)J

(1+(s—1))\)r(n+sk—|—&s—1)r)! k+r

r

Proof. The proof follows from the moment’s generating function of Sk,
given by E (¢%) = (B(£1))" (B (1)) =

4 Combinatorial recurrence relations

In this section, we establish some combinatorial recurrence relations.

Proposition 10 Forn > sk > sr > 1 we have
n|*T n—1|% n—r—1\|n-s|"
= -1 !
] I I G | e}
sl n—r—1\|n—s|*
' s—2 k—1],_,
Proof. To partition the set [n] into k& ordered blocks such that each

block has a length > s and the first 7 elements are in different blocks,

we separate the element n and proceed as follows: (a) if the element n
n—1

is in a block of length > s + 1, there is [ . JiT ways to partition the
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set [n — 1] into k ordered blocks such that each block has a length > s
and the first r elements are in different blocks. The element n (not really
used) can be inserted in the k blocks with n — 1 + k ways because it

can be inserted with [ + 1 ways in the ordered block {aj,...,a;} after a;
(t =1,...,1) or before a;. So, we count in this case (n — 1+ k) [”;ljjT
ways. (b) if the element n is in a block of length s and this block no

contains any element of the first r elements, there is (";il_’") ways to

choose s — 1 elements to be with this element in the same subset, s! ways
to permute the elements of this subset and the remaining n — s elements
can be partitioned into k — 1 ordered blocks (such that each block has a
length > s and the first r elements must be in different blocks) in LZ:TJ iT

ways. The number of ways in this case is s!(";']")[?Z5] iT. (c) if the
element n is in a block of length s and this block contains one element
of the first r elements (this case is considered only when s > 2), there is
(";;T) ways to choose s — 2 elements to be with this element in the same
subset, 7 ways to choose an element between the first r elements to be
with the element n in the same subset, s! ways to permute the elements of
this subset and the remaining n — s elements can be partitioned into k — 1

ordered blocks (such that each block has a length > s and the first r — 1

n—s

elements must be in different blocks) in [k_ljiT_ | ways. The number of

ways in this case is slr (":_T;l) |5 :T_l So, the number of all partitions is
sT

sT —1sT n—1-— n—s|sT n—r— -
I_ZJr =(n+k-1) [.nli'r +s!( s—llr)lJc—lJ:» +slr( s—2l)|.z—f_|r_1' u

Proposition 11 We have
[ TJ ) ( ) [ jJ ) [j TJ )
k+r], JZZO j k], T,

Proof. For fixed j, there is (n'_L]) [";JJ ;T ways to form the k ordered
blocks (each one is of length > s) with using only the remaining n — j

elements of the set {r +1,...,n+r}. To form the r remaining blocks,
there is Lj ol iT ways to form r ordered blocks (each one is of length > s)
on using the j elements of the set {r +1,...,n +r} and the elements of
the set [r] (not really used) such that each block contains one element of

the set [r]. Then, the number of ordered partitions is given by LZI: ] iT =

SO UL
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Proposition 12 Forn > sk > sr > 1 we have

HIED >yl

Proof. To partition the set [n] into k£ ordered blocks such that each block
has a length > s and the first r elements are in different blocks, the element

r can be in a block of length 7 > s in j! ( - [k_“ ot | ways: (a) (’J:{) is
the number of ways for choosing 7 — 1 elements between (n—1)—(r—1)

elements (none is of the first 7 — 1 elements) to be in the same subset with
the element r (b) j! is the number of ways to permute the elements of this

subset and (c) [Z:{J iT_ L is the number of ways to partition the remaining
n — j elements into k£ — 1 blocks such that each block has a length > s and

the first 7 — 1 elements are in different blocks. m
For s = 1 in Proposition 12 we get Theorem 3 given in [2].

Proposition 13 Forr > 1 we have

R I o (i [ e

Proof. The number of partitions of the set [n] into k& ordered blocks
such that each block has a length > s and the first 7 elements are in

different blocks but not the element 7 + 1 there is |} iT =% :Ll ways.
This number can be obtained by considering the element r + 1 to be in
one of the r subsets which contain the first » elements. The element r 4 1

can be with the element 4, ( = 1,...,7), in a subset of cardinality j in

j!r(";f;l) [Z:{J iT_l ways: (a) ("J_I;l) is the number of ways to choose
j — 2 elements between the last n — r — 1 elements to be in the same
subset with ¢ and 7 + 1, (b) 7! is the number of ways to permute the
elements of this subset, (c) L"EEIJJ :T_ L s the number of ways to partition
the remaining n — j into & — 1 ordered blocks such that each block has
a length > s and the elements of the set [r] — {i} are in different blocks
and (d) r is the number of ways to choose 7 between the first r elements

to be with the element r 4+ 1 in the same block. Then, the number of all
. . nisT _ n—ij|ST

partitions is [kJi — |_ _|T+1 = T‘Z] (" - 1) I-’C—“r—l' n

We note that for s =1, Theorem 5 gives

mf m”: EZ:QJ Y (D (ne+1),

ni+--+ng=n—k
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Corollary 7 gives (3) and Proposition 13 gives

n n fn—r—1\|n—j
Ij‘tlr )\kJ r+1 JXZ; J = 2 k-1 r—1
Also, for r = 0 in Proposition 10 and Corollary 6, the s-degenerate Lah

numbers [ZJST = |7 ;T satisfy

AT o I | e

n|! nlfn—1—(s—1)k
= = > .
M k!( k-1 ) n2sk>0

5 Acknowledgments

The authors would like to acknowledge the support from the PNR project
8/U160/3172 and the RECITS’s laboratory and thank the anonymous
referee for his/her careful reading and valuable suggestions.

ﬁ} References {E

(1] J. C. Ahuja, E. A. Enneking, Concavity property and a recurrence re-
lation for associated Lah numbers. The Fibonacci Quarterly 17 (1979),
158-61.

[2] H. Belbachir, A. Belkhir, Cross recorrence relations for the r-Lah num-
bers. Ars Combin. 110 (2013), 199-203.

[3] H. Belbachir, I. E. Bousbaa, Combinatorial identities for the r-Lah
numbers. Ars Combin. 115 (2014), 453-458.

[4] G. H. Hardy, J. E. Littlewood, G. Ploya, Inequalities (Cambridge: The
University Press, 1952).

[5] I. Lah, Eine neue art yon zahlen, ihre eigenschaften und anwendung
in der mathematischen statistik,Mitteilungsbl, Math. Statist. 7 (1955),
203-212.

340

' DIMarquIs & I



