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Abstract

Let k > 3 be an integer, and let G be a graph of order n with n >
max{10,4k—3}, and §(G) > k+1. If G satisfies max{da(z),da(y)} >
1%1 for each pair of nonadjacent vertices x,y of G, then G is a frac-
tional k-covered graph. The result is best possible in some sense, and
it is an improvement and extension of C. Wang and C. Ji’s result (C.
Wang and C. Ji, Some new results on k-covered graphs, Mathematica
Applicata 11(1)(1998), 61-64).
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1 Introduction

We consider only finite undirected simple graphs. Let G be a graph with
vertex set V(G) and edge set F(G). For any « € V(G), we denote by dg(z)
the degree of z in G and by Ng(z) the set of vertices adjacent to = in G.
Set Ng[z] = Ng(z) U {z}. For any S C V(G), we denote by G[S] the
subgraph of G induced by S, and by G — S the subgraph obtained from
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G by deleting vertices in S together with the edges incident to vertices in
S. If G[S] has no edges, then S is called independent. Let S and T be
disjoint subsets of V(G). We denote the number of edges joining S and T'
by ec(S,T). We write 6(G) for the minimum degree of G.

Let g and f be two integer-valued functions defined on V(G) such that
0 < g(z) < f(z) for each x € V(G). Then a spanning subgraph F' of G
is called a (g, f)-factor if g(z) < dp(z) < f(z) holds for each z € V(G).
Let a and b be two integers with 0 < a < b. If g(z) = a and f(z) = b
for each z € V(G), then a (g, f)-factor is an [a, b]-factor. An [a, b]-factor is
called a k-factor if a = b = k. A graph G is called a k-covered graph if for
any e € E(G) there exists a k-factor containing e. Let h : E(G) — [0, 1]
be a function. Let k& > 1 be an integer. If Zeaz h(e) = k holds for each
z € V(G), we call G[F}] a fractional k-factor of G with indicator functional
h where F}, = {e € E(G) : h(e) > 0}. A graph G is fractional k-covered
if for each edge e of G, there exists a fractional k-factor G[F}] such that
h(e) = 1. If k = 1, then a fractional k-covered graph is called a fractional
1-covered graph. The other terminologies and notations can be found in
[1].

Many authors have investigated factors of graphs [2-7]. Liu and Zhang
[8] obtained a toughness condition for graphs to have fractional k-factors.
Zhou [9,10] gave some results about fractional k-factors of graphs. Li, Yan
and Zhang [11] showed an isolated toughness condition for graphs to be
fractional k-covered graphs.

The following results on k-factors, fractional k-factors and fractional
k-covered graphs are known.

Theorem 1 2 Let k be an integer such that k > 3, and let G be a 2-
connected graph of order n with n > 4k — 3, kn even, and §(G) > k+ 1. If
G satisfies max{dg(x),dc(y)} > %l for each pair of nonadjacent vertices
z,y of G, then G is a k-covered graph.

Theorem 2 ©® Let k > 2 be an integer. A graph G with |V (G)| > (k +1)
has a fractional k-factor if t(G) > k — +.

Theorem 3 [ Let k be an integer such that k > 1, and let G be a con-
nected graph of order n such that n > 9k — 1 — 4,/2(k — 1)? + 2, and the
minimum degree §(G) > k. If |Ng(z) U Na(y)| > max{%, 3(n + k — 2)}
for each pair of nonadjacent vertices x,y € V(G), then G has a fractional
k-factor.

Theorem 4 ' Let G be a graph, and let k be an integer with k > 2. If
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the minimum degree 6(G) > k + 1 and the isolated toughness 1{G) > k,
then G is a fractional k-covered graph.

In this paper, we give a new sufficient condition for a graph to be a
fractional k-covered graph. The main result is the following theorem, which
is an improvement and extension of Theorem 1.

Theorem 5 Let k > 3 be an integer, and let G be a graph of order n with
n > max{10,4k — 3}, and §(G) > k + 1. If G satisfies

n-+1

max{dg(2),de(y)} 2 —

for each pair of nonadjacent vertices x,y of G, then G is a fractional k-
covered graph.

2 Proof of Theorem 5

Forany SC V(G)and T = {z : z € V(G) \ S,dg_s(z) < k}, we define
e(S,T) as follows,

(1) e(S,T) = 2, if S is not independent.

(2) (S, T) =1, if S is independent and eq(S,V(G)\ (SUT)) > 1, or
there exists an edge e = uv, such that v € S;v € T and dg-s(v) = k.

(3) €(S,T) = 0, if neither (1) nor (2) holds.

Li, Yan and Zhang [12] obtained a necessary and sufficient condition for
a graph to be a fractional k-covered graph, which is very useful in the proof
of Theorem 5.

Lemma 2.1 121 4 graph G is a fractional k-covered graph if and only if
forany S CV(G) and T ={z:2 € V(G)\ S,dg-s(z) < k}

5(;(5, T) = k’Sl -+ da_s(T) — k:|Tl > E(S, T),

where T' = {z:z € V(G)\S,dg_s(z) < k}anddg_s(T) = > cr do-s().

Proof of Theorem 5. Suppose that G satisfies the conditions of The-
orem 5, but it is not a fractional k-covered graph. According to Lemma
2.1, there exists a subset S of V(G) such that

5¢(S,T) =k|S| +da_s(T) — k|T| <e(S,T) -1, (1)
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where T'= {z : 2 € V(G) \ S,dg-s(z) < k}. In the following we consider
three cases.

Case 1. S =1§.
In this case, €(S,T) = 0. In view of (1), we get

—12 36(8,T) = do(T) - K|T| = (5(C) — k)IT| > |T| = 0,

a contradiction.
Case 2. |S|=1.
In this case, (S,T) < 1. By (1) we have

0 6a(S,T) = k|S| + dg-s(T) — k|T)
kS| + de(T) = [T| = k|T]|

k|S| + da(T) — (k + 1)|T|

kS| + (k + 1)|T| - (k + 1)|T|

k|S| =k >3,

vV 1V

v

this is a contradiction.
Case 3. |S|>2.
In this case, (S, T) < 2. We first prove the following claim.
Claim 1. |T|>k+1.
Proof. If T = 0, then by (1) we have

(S, T) — 1> 6a(S,T) = k|S| > |S| > (S, T),

which is a contradiction.

If |T| = 1, then from (1) we obtain

1 > ¢(8,T)-1>06c(S,T)=k|S|+de_s(T) - k|T|
> k|S|—k|T|>22k-—k=k >3,
it is a contradiction.

Hence, |T'| > 2. In the following we assume that |T| < k. Since |T| > 2,
we have

da(S,T)

k|S| +dg_s(T) — k|T)|
TS| + dg-s(T) — K|T|
Z(ISI +dg-s(z) — k)

zeT

v
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> S((G) - k)

zeT
= |T|>22>¢(ST),
which contradicts (1). This completes the proof of Claim 1.
According to Claim 1, T # (). Define

hy =min{dg_s(z) 1z € T}.

Choose z; € T such that dg_g(z1) = h;. Furthermore, if T'\ Np[z1] # 0,
we define
he = min{dg_s(z) : z € T\ Nr[z1]}.

Choose o € T'\ Nr[z1] such that dg_s(z2) = he. Thus, we have 0 < hy <
ho < k by the definition of T'.
Subcase 3.1. T = Np[z,].

From Claim 1 and T = Nrp[z;], we obtain £k > hy = dg_g(z1) >
|T'| — 1 > k. Therefore, hy = k. According to the definition of h;, we have
6c(S,T) = k[S|+dc-s(T) - k[T|
k|S|+ ha|T| — k[T

kS| + k|T| — k|T|
KIS| > [8] > e(S,T).

v

1

That contradicts (1).
Subcase 3.2. T\ Np[z,] # 0.
It is easy to verify that

n+1

|S] > — ha. (2)

Otherwise, |S| < 241 —hy. That s, |S|+hs < 2, then dg(z2) < |S|+hs <

241 and dg(z1) < |S|+h1 < S|+ ho < 241 Since z122 ¢ E(G), that

would contradict the hypothesis of Theorem 5.
Subcase 3.2.1. hy =0.
Clearly, hy = 0. By (1), (2) and |S| + |T| < n, we obtain

e(5,T) -1 6¢(5,T) = k|S| + dg-s(T) — k|T|
kS| = KIT| > k|S| — k(n - |S])
= 2k|S|—kn>k(n+1)—kn

= k>2>¢(S51T).

=
>
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This is a contradiction.

Subcase 3.2.2. hy > 1.

According to (2), |S|+|T] < n, hy < hy < k and |Np[z1]| < dg-s(z1)+

1=n"h; +1, we get
56(S,T) = KS|+do_s(T) - KIT|

v

i

> k|S| = (he — h1)(h1 + 1) = (k = h2)(n — [S])
= (2k = h2)[S| = (he = h1)(h1 + 1) — (k — ha)n
1
> (2k = hy)(2E
2 (N 3 2
= h2+(-2-—2k—§)h2—h1h2+h1+h1+k
= (o m)? R+ (5 -2k -1
3.5 1 1
> = — — - N
> 4hQ+(2 2k — 1)ho + k 7

that is,

3.5 N 1
> 2 — — 2%k — - 2.
0c(S,T) > 4h2 + (2 2k — 1)ho + K 1

If k£ = 3, then n > 10. Hence, we have by (3)

1
6c(S,T) > %h% —2hp+3- 2> 1.

In view of the integrity of d¢(S,T), we obtain
0c(S,T) > 2> ¢e(S,T).

This contradicts (1).

If £ > 4, then n > 4k — 3. Therefore, from (3) we get

3 4k — 3 1 3
> Zp2 T 9k _ >
0c(S,T) > 4h2+( 5 2k —1)hy + k 127

According to the integrity of d¢(S,T'), we have
5c(S,T) > 2 > (S, T).

Which contradicts (1). This completes the proof of Theorem 5.
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h3 —

kS| + hy|Np[za]| + ho(IT] — [Np[z1]]) — KT
k|S| = (he — h1)|Nr[z1]| = (k — h2)|T|

1
)h2+k—z

- hz) - (hg - h1>(h1 + 1) — (k‘ - hg)n

) 1
—h2+4——>1.

2
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Remark. Let us show that the condition max{d¢(z),dc(y)} > % in
Theorem 5 cannot be replaced by max{dg(z),da(y)} > %. Let t > 2 and
k > 3 be two integers. We construct a graph G = ((kt —2)K; UK>2) VEtK;.
Clearly, 6(G) =kt > 2k > k+ 1, n=|V(GQ)| = 2kt > 4k > 4k — 3 and

n
2

for each pair of nonadjacent vertices z,y of ((kt — 2)K; UktK;) C G. Let
S = V({(kt —2)K; UK3)) C V(G) and T = V(ktK;) C V(G). Then
|S| = kt, |T'| = kt and S is not independent. Thus, we get (S,T) = 2 and

max{dg(z),dc(y)} =

6c(5,T) = k|S|+de-s(T) — k[T
k*t - k*t=0<2=¢(S,T).

According to Lemma 2.1, G is not a fractional k-covered graph. In the
above sense, the result in Theorem 5 is best possible.

Acknowledgements. I would like to thank the anonymous referees
who read my original manuscript carefully and gave me many valuable
comments.

References
(1] J. A. Bondy, U. S. R. Murty, Graph Theory with Applications. London,
The Macmillan Press 1976.

[2] C. Wang, C. Ji, Some new results on k-covered graphs, Mathematica
Applicata (China) 11(1)(1998), 61-64.

[3] S. Zhou, Y. Xu, Neighborhoods of independent sets for (a, b, k)-critical
graphs, Bulletin of the Australian Mathematical Society 77(2)(2008),
277-283.

[4] S. Zhou, Independence number, connectivity and (a,b, k)-critical
graphs, Discrete Mathematics 309(12)(2009), 4144-4148.

[5] S. Zhou, A sufficient condition for a graph to be an (a,b, k)-critical
graph, International Journal of Computer Mathematics, to appear.

[6] J. R. Correa, M. Matamala, Some remarks about factors of graphs,
Journal of Graph Theory 57(2008), 265-274.

[7] H. Matsuda, Fan-type results for the existence of [a, b]-factors, Discrete
Mathematics 306(2006), 688—693.

141



(8]

(9]

(10]

[11]

[12]

G. Liu, L. Zhang, Toughness and the existence of fractional k-factors
of graphs, Discrete Mathematics 308(2008), 1741-1748.

S. Zhou, H. Liu, Neighborhood conditions and fractional k-factors,
Bulletin of the Malaysian Mathematical Sciences Society 32(1)(2009),
37-45.

S. Zhou, Q. Shen, On fractional (f, n)-critical graphs, Information Pro-
cessing Letters 109(14)(2009), 811-815.

Z. Li, G. Yan, X. Zhang, Isolated thoughness and fractional k-covered
graphs, Acta Mathematicae Applicatae Sinica 27(4)(2004), 593-598.

Z. Li, G. Yan, X. Zhang, On fractional f-covered graphs, OR Trasac-
tions 6(4)(2002), 65-68.

142



