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Abstract 

A word has a shape determined by its image under the Robinson-
Schensted-Knuth correspondence. We show that when a word w 
contains a separable (i.e., 3142- and 2413-avoiding) permutation O" as 
a pattern, the shape of w contains the shape of O". As an application, 
we exhibit lower bounds for the lengths of supersequences of sets 
containing separable permutations. 

The Robinson-Schensted-Knuth (RSK) correspondence associates to a 
word w a pair of Young tableaux, each of equal partition shape >-.. We say 
that w has shape sh(w) =)..and that the partition)..= (>-. 1 , >-. 2 , ... ) contains 
the partition J.L = (J.Ll, J.L2, ... ) if J.Li )..i for all i 2: 1. It is natural to expect 
that if CY is a subsequence of w, then sh(CY) sh(w). However, this is not 
necessarily the case: If !J = 2413 and w = 24213, then 

([}]]] ITJ:1J) #) (P(CY),Q(CY)) = []]}]'[l]1] and (P(w),Q(w)) = Qj 'tiJ . 
We see that sh(w) = (3, 1, 1) ""}. (2, 2) = sh(CY). The main theorem of this 
paper is that the inclusion does hold when !J is a separable permutation. 
Furthermore, !J need only be contained as a pattern rather than as an actual 
subsequence. 

*Dept. of Mathematics, University of Washington, Seattle, WA 98195, 
acrites@uw.edu 

tDept. of Mathematics, University of California, Los Angeles Los Angeles, CA 90095 
panova@math.ucla.edu 

+Dept. of Mathematics and Statistics, University of Vermont, Burlington, VT 05401, 
gregory. warrington@uvm. edu. Supported in part by National Security Agency grant 
H98230-09-1-0023. This work was partially supported by a grant from the Simons Foun-
dation (197419 to GSW) 

ARS COMBINATORIA 128(2016), pp. 103-116 



Theorem 1. If a word w contains a separable permutation a as a pattern, 
then sh(w) :2 sh(a). 

Our discovery of Theorem 1 was motivated by an application involving 
lower bounds for shortest containing supersequences. Such supersequences 
arise in bioinformatics [13, 14] through the design of DNA microarrays, 
in planning [5] and in data compression [15]. This application to superse-
quences is described in Section 3. Section 1 introduces the notation required 
for the proof of Theorem 1 appearing in Section 2. Section 2.1 discusses 
the relationship between Greene's Theorem, separable permutations, and 
the contents of this paper. 

Remark 2. It is not true that if a is not separable, then there exists a word 
w containing it for which sh(w) ';/}. sh(a): Let a= 24513 with sh(a) = (3, 2). 
The permutation a contains the pattern 2413 and hence is not separable. 
If w contains a but not its shape then sh( w) is a hook. In other words, 
w is the shuffle of one increasing and one decreasing subsequence. The 
restriction to 24513 should, therefore, also split into two sequences - one 
decreasing and one increasing. This is impossible. 

1 Background and setup 

Let [n]* denote the set of finite-length words on [n] := {1, 2, ... , n} and 
let [n]a denote the subset of length-a words. The set of permutations of 
length n is denoted by Sn (here a subset of [n]n). Permutations will be 
denoted by Greek letters and written in one-line notation. For example, 
the permutation 7 E 53 defined by 7(1) = 3, 7(2) = 1 and 7(3) = 2 is 
written 312. When referring to a subsequence of a permutation 7 we make 
no distinction between the actual subsequence and the corresponding subset 
of elements; the subsequence can be reconstructed by the positions in 7. 
The length of a word u is denoted lui. 

Given a word w E [n]a and a permutation 1r E Sm, m::::; a, we say that 
w contains the pattern 1r if there exist indices 1 ::::; i 1 < i 2 < · · · < im ::::; a 
such that, for all1::::; j, k::::; m, w(ij) < w(ik) if and only if n(j) < n(k) and 
w(ij) > w(ik) if and only if n(j) > n(k). If w does not contain the pattern 
1r, then we say w avoids 1r. 

It is important to note that Theorem 1 considers the relationship be-
tween a word w and a permutation a. The word w is assumed to contain a 
as a pattern. In turn, the permutation a is assumed to be separable. One 
characterization of the class of separable permutations (see [4]) is as those 
permutations that simultaneously avoid the patterns 3142 and 2413. 

Given a permutation 1r E Sn, let Prr denote its inversion poset. Prr 
has elements ( i, 1r ( i)) for 1 ::::; i ::::; n under the partial order --<, in which 
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(a, b) -< ( c, d) if and only if a < c and b < d. Increasing subsequences 
in 1r correspond to chains in P7f. A longest increasing subsequence of 1r 

corresponds to a maximal chain in P1r. In the pictorial representations of 
posets in this paper, we indicate (a, b) -< ( c, d) (as opposed to ( c, d) -< (a, b)) 
by placing (a, b) lower on the page than ( c, d). 

(2,4) (4,3) 

Example 3. The inversion poset of 2413 is I / I and that of 

(1, 2) (3, 1) 

(3,4) (4,2) 

3142is 1 1 

(1,3) (2, 1) 

Example 3 above immediately gives the following fact. 

Fact 4. A permutation 1r is separable if and only if its inversion poset P1r 

* * has no (induced) subposet isomorphic to I / I . 
* * 

We write our partitions with parts in decreasing order and make no 
distinction between the positive and zero parts. Given a partition A = 
(Al, A2, ... ) of n (denoted A f-- n), the associated Ferrers diagram consists 
of Ai left-justified cells in the i-th row from the top. A semistandard Young 
tableau of shape A is a filling of the cells in this diagram with positive inte-
gers such that the rows weakly increase from left to right and the columns 
strictly increase from top to bottom. The set of such tableaux with entries 
from [n] is denoted by SSYTn(A). A tableau T E SSYTn(A) with A f-- n, is 
standard if each number from 1 to n appears in its filling. The set of all 
such tableaux is denoted by SYT(A). Given a semistandard tableau T, the 
reading word ofT, rw(T), is the word obtained by reading off the rows from 
left to right starting with the bottom row. For A f-- n, define the superstan-
dard tableau T E SYT(A) by filling in the rows from top to bottom. That 
is, by placing 1, 2, ... , A1 in the first row, A1 + 1, A1 + 2, ... , A1 + A2 in the 
second row, etc. 

The RSK correspondence yields a bijection between the set of length-a 
words [n]a and U.\t-aSSYTn(A) x SYT(A) [9]. We give a brief description of 
how to compute the pair (P(w), Q(w)) to which a word w E [n]a corre-
sponds. Write w = w'x with w' E [n]a-l. By induction, we know that 
w' maps to some pair (P(w'), Q(w')). We row insert x in the first row of 
P( w') as follows: If x = x 1 is greater than or equal to all elements in this 
row, place x 1 at the end of the row. Otherwise, find the leftmost entry, 
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x 2 , in the row that is strictly greater than x 1 . Place x 1 in this position 
and "bump" x 2 to be inserted into the next row. This process generates 
a finite sequence x 1 , ... , Xk of bumped elements and ends by adding Xk at 
the end of the k-th row, creating a new semistandard tableaux P(w). Set 
Q(w) to have an a in the new box (end of row k) created by the bumping 
process. The shape of w, sh(w), is the shape of P(w) (or, equivalently, of 
Q(w)). Throughout this paper (Twill denote a separable permutation with 
sh((T) = J1 = (111, /12, ... ). 

Example 5. The permutation 1r = 7135264 contains the pattern 4231 

:,:: (mn : ::::::: ::::: 
the '"Pe<'ta>>d"'d tableau of 'hape (3, 3, 2) ;, 

2 Proof of Theorem 1 

Many properties of a word w translate to natural properties of the asso-
ciated tableaux. For example, the length of the longest weakly increasing 
subsequence of w equals the length of the first row of P(w). In fact, the 
minor generalization of Greene's Theorem [7] to words with repetitions 
(see [16, Theorem 4.8.10]) gives a much more precise correspondence. 

Theorem 6 (Greene's Theorem). Let w be a word of shape A. For any 
d ;::: 0 the sum A1 + · · · +Ad equals the maximum number of elements in a 
disjoint union of d weakly increasing subsequences of w. 

In order to prove Theorem 1, we will combine the insight afforded by 
Greene's Theorem with the ability to exchange collections of disjoint in-
creasing subsequences with other collections for which the number of inter-
sections has, in a certain sense, been reduced. (We will take the adjective 
"weakly" to be understood.) Lemma 7, which is the only place separability 
explicitly appears in our proof, allows us to perform these exchanges. 

Lemma 7. Let u, a, and (3 be increasing subsequences of a separable 
permutation (T. Assume further that a and (3 are disjoint. Then there exist 
two disjoint increasing subsequences "'( and J, such that "'( U J = aU (3 and 
'Y n u = 0. 

Proof. Write u = u 0 U u 1 with u0 n (aU (3) = 0 and u 1 C aU (3. Since 
'Y c aU (3, the requirement that 'Y and u 1 be disjoint ensures that "'( and u 
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are disjoint as well. Hence, without loss of generality, we may restrict our 
attention in the proof to the case in which u C aU {3. 

We prove by contradiction. Consider the inversion poset Per of the 
separable permutation IJ. Increasing subsequences are in correspondence 
with chains and we will regard them as such. Assume there is no chain 
b C (aU {3) such that u C band (aU {3) \ b is also a chain. Let w C (aU {3) 
be a maximal chain such that u C w. Then there exist two incomparable 
points x, y E (aU {3) \ w. (We will write xiiY to indicate the incomparability 
of these two elements.) Then x and y belong to the two different chains, 
e.g. x E a, y E {3. By maximality, xU w and y U w are not chains. Hence 
there exist a, b E w for which xlla, Yllb, so we must have a E {3 and b E a. 
Without loss of generality, assume a >- b. Then we must have x >- b and 

x a 
y -< a. We have I / I with xlla, xiiY, and Yllb. This is a subposet of Per 

b y 

* * isomorphic to I / I , contradicting Fact 4. 0 

* * 
Lemma 7 can also be proved constructively. 

Algorithm UNRAVEL 
INPUT: (1J, u, a, {3). A separable permutation IJ along with increasing subse-
quences a, {3 and u. The sequences a and {3 are disjoint. 
OUTPUT: ('y, b). Disjoint increasing subsequences r and b of IJ satisfying 
rub= au {3 and r n u = 0. 

Step 0: Initialize variables. 

Set z = aU{3 and let I! and n denotes the lengths of unz = u1 · · · U£ and 
z = z1 · · · Zn, respectively. (As was the case for Lemma 7, the elements 
of u not in a U {3 are irrelevant to the construction of r and b.) There 
exist indices i1 < i 1 < · · · < i£ such that Uj = zi1 for each 1 :::; j :::; £. 
Augment the two sequences by prepending a u0 = z0 < min{zih:Si:Sn 
and appending a U£+1 = Zn+1 > max{zih<i<n· 

Step 1: Determine b. 
For each 1 :::; j :::; £, let b) be the sequence of left-to-right maxima 
from zi1 · · · zii+ 1 _ 1 whose values are greater than or equal to uj and 
less than uJ+1. Define b0 analogously except with values greater than 
uo and less than u1. Define b = b0 · · · b£. 

Step 2: OUTPUT r = (au {3) \ b and b. 
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Lemma 8. Let CJ be a separable permutation. The sequences"!= (au,B)\J 
and J returned by UNRAVEL(CJ, u, a, ,B) are increasing sequences that satisfy 
"! U J = aU ,B and "! n u = 0. 

Proof. That "( U J = a U ,B and that J is increasing follow directly by 
construction. (Note that J does not include u 0 or U£+1·) Furthermore, each 
u 1 = zij is a left-to-right maximum of the sequence Zij · · · ziH 1 and hence 
is part of J. So "! n u = 0. 

It remains to show that "( is increasing. Suppose not. Then there exist 
indices a and j such that "(j = Za > 'YJ+l· Let m be the unique value such 
that im <a< im+l· Note that since z is a shuffle of two increasing disjoint 
words, z also avoids the pattern 321. 

We now split into cases in order to obtain a contradiction by arguing 
that z must contain one of the three patterns 321, 3142 or 2413. 

1. Suppose "(j > Um+I· This implies m < £ (and hence that Um+l is an 
element of z). We argue according to the region in which the point 
'YJ+l lies (see Figure 1). 

y ,. 
• Y,+, , -. 

() 

A B 

Y,. 

• 

c 

•-:um+l 

• YJ+I 

D 

Figure 1: The cases in the proof of Lemma 8 for which "(j > Um+I· Points 
are labeled by their y-values. 

A) Then "fJ"fJ+IUm+l forms a 321 pattern. 

B) Since 'YJ+l is not a left-to-right maximum, there must be some 
element Jk lying to the northwest of 'YJ+l yet below Um+l· If Jk 

lies to the left of /j, then Jk"(j"(J+l Um+l forms a 2413 pattern. 
Otherwise, 'YJJk'YJ+l forms a 321 pattern. 

C) Since 'YJ+l is not a left-to-right maximum, there must be some 
element Jk lying to the northwest of 'YJ+l yet to the right of 
Um+l· If Jk lies above "fJ, then "fJUm+IJk"ij+l forms a 3142 
pattern. Otherwise, "(jJk"ij+l forms a 321 pattern. 

D) Then "(jUm+l 'YJ+l forms a 321 pattern. 
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2. Suppose '"'{j < Um+l· Since '"'{j is not a left-to-right maximum, there 
must he some element ok (possibly um) lying to the northwest of '"Yi. 
Hence Ok'"'fj'"Yj+l forms a 321 pattern. 

0 

Example 9. Figure 2 illustrates the sequences -y and o that arise from 
Algorithm UN RAVEL. The two original sequences shuffled together are con-
nected by dotted lines. The elements of u are illustrated by open circles. 
The boxes indicate the regions in which the elements of o (other than those 
of u itself) are required to lie. Finally, the sequence o is connected by the 
thick, dashed line. 

• • • 

u3 , ... / .......... ··· 

'nf .. 
. tJ 

'O u2 
{ .. , .. , ., 

:· I 
.: I 
it 

,: I :·, ., 
Q ,-------.. UJ 

•,' J 

• •• 

Figure 2: Example application of Algorithm UNRAVEL. 

Proposition 10. Let k 2: 0 and u 1 , ... , uk be disjoint (possibly empty) 
increasing subsequences of the separable permutation CY. Then there exists 
an increasing subsequence uk+l, disjoint from each ui, 1 :::; i :::; k such that 
luk+lj 2: /Jk+l· 

Proof. Let V = ( v1 , ... , vk+ 1) he a sequence of k + 1 disjoint, increasing 
subsequences of CY of maximum total length. Let m = m(V) :::; k + 1 be 
the largest value such that if p :::; m then ui n vi = 0 for all i, j with 
1 :::; i < p :::; j :::; k + 1. Such a value of m exists since the requirement is 
vacuous for p = 1. Suppose m = k + 1; in particular, vk+l is disjoint from 
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each ui. Since the elements of V are of maximum total length, lv1 1 + · · · + 
lvk+ll = f.L1 + · · · + f.Lk+l· If lvk+ll were less than f.Lk+ 1, then v1, ... ,vk 
would have total length greater than /L1 + · · · + /Lk· This is impossible. 
Hence lvk+11 ?': fLk+ 1 as desired. 

Therefore, it suffices to show that given any such V and associated 
value m = m(V) < k + 1, we can transform V into a new sequence V' (still 
of maximal total length) with m(V') ?': m + 1. We do this by repeated 
applications of Algorithm UNRAVEL. (These applications will corral all of 
the elements of vm U · · · U vk+ 1 that are also in um into a single sequence 
6k-m+1·) Set 

(1'1, 61) =UNRAVEL( a, um, vm, vm+1), 

(1'2, 62) =UNRAVEL( a, um, 61, vm+2), 

hk-m+1,6k-m+l) = UNRAVEL(a,um,6k-m,vk+1). 

We will set V' = (v 1, ... ,vm-I,6k-m+l,'Y1,···,'Yk-m+d· It follows from 
the definition of Algorithm UNRAVEL and the inputs given to it that each 
'Yi is an increasing subsequence of a that is disjoint from um. Consider the 
intermediate ( k + 1 )-tuples: 

V _ 1/" _ ( 1 m-1 m m+1 k+1) - vo- v , ... ,v ,v ,v , ... ,v 

V _ ( 1 m-1 ;; m+2 m+3 k+1) 1 - V l •.. , V , U1, '/'1, V l V , ... , V 

1/" _ ( 1 m-1 ;; m+3 k+1) v2- v , ... ,v ,u2,'/'1,'/'2,v , ... ,v 

We still need to show that V' satisfies the following properties: 

1. (u1U· · ·Uum-1)n(6k-m+1U1'1U· · ·U'Yk-m+l) = 0 (i.e., m(V') ?': m), 

2. "fin "fJ = 0 for 1:::; i < j:::; k- m + 1, and 

3. 6k-m+l n 'Yi = 0 for 1 :::; i :::; k - m + 1. 

By the definition of V and m(V), we know that 

(u1 U · · · U um- 1) n (vm U · · · U vk+ 1) = 0. 

The definition of Algorithm UNRAVEL implies that vm U · · · U vk+ 1 

6k-m+1 U 1'1 U · · · U 'Yk-m+l· This yields Property 1. 
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Vo = V consists of disjoint sequences by hypothesis. Let 1 £ 
k- m + 1. We will prove by induction that Vc consists of disjoint sequences 
as well. (Write bo for vm.) Vc differs from V£_ 1 only in that be_ 1 and 
vmH have been replaced by the two disjoint sequences be and 'Ye· Since 
Algorithm UNRAVEL ensures that be U 'Ye = be_ 1 U vmH and ben "(e = 0, 
it follows immediately that Vc consists of disjoint sequences as well. This 
shows that Properties 2 and 3 also hold. 

Properties 1 through 3 ensure that V' is a sequence of k + 1 disjoint 
increasing subsequences of a of maximum total length with m(V') 2: m(V). 
By construction, each 'Yi is disjoint from um. Hence, m(V') 2: m(V) + 1 as 
required. This concludes the proof of the proposition. 

0 

Example 11. Consider a = 10652438ba97 (where we use a for 10 and 
b for 11). The shape of a is (5,3,2,2). Suppose we have u 1 = 0248b, 
u 2 = 167 and u 3 = 5a and wish to find a disjoint increasing subsequence u4 

of length 2. We could, of course, simply use the remaining two elements, 
3 and 9. However, in order to illustrate the proofs of Proposition 10 and 
Theorem 13, we show how to generate this sequence from an arbitrarily 
chosen 4-tuple of disjoint increasing subsequences of maximum total length: 
V = {68b,049,237, 15a}. 

Set k = 3. Consider the argument of Proposition 10. m = m(V) = 1. 
Let u = u 1 , o: = 68b and f3 = 049. Algorithm UNRAVEL yields"( = 69 
and b = 048b. Applying the algorithm again with o: = 048b and f3 = 237 
yields "( = 37 and b = 0248b. Since 15a is already disjoint from u 1 , a 
third application of Algorithm UNRAVEL trivially sets b = o: = 0248b and 
"( = (3 = 15a. This produces the new 4-tuple V' = {0248b, 69, 37, 15a} with 
m(V') = 2. 

Now set u = u 2 . Once again, an application of the algorithm with 
o: = 69 and (3 = 15a yields 'Y = 59 and b = 16a, while a following application 
to o: = 16a and (3 = 37 yields "( = 3a and b = 167. This produces the new 
4-tuple V" = {0248b, 167,59, 3a} with m(V") = 3. 

A final application of Algorithm UNRAVEL with u = u3 = 5a, o: = 59 
and f3 = 3a yields the sought for u 4 = 'Y = 39. 

Proof of Theorem 1. Let sh(w) = A = (A 1 , A2 , ... ). Let a' be any subse-
quence of w in the same relative order as the elements of a; i.e., w con-
tains a at the positions of a'. By Greene's Theorem applied to w, for 
any k 2: 1 there exist k disjoint increasing subsequences w 1 , ... , wk with 
\w 1 \ + · · · + \wk\ = A1 + · · · + Ak. The intersection a' n wi induces a sub-
sequence of a we denote by ui. These ui are then k disjoint increasing 
subsequences of a. By Proposition 10, there is an increasing subsequence u 
of a, disjoint from the uis, with length at least /lk+l· The mapping a H a' 
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induces a corresponding map of u to a subsequence u' of w. It follows 
then that u' is disjoint from each wi as well. Then w 1 , ... , wk, u' are k + 1 
disjoint increasing subsequences in w. By Greene's Theorem, 

Hence lu'l :<::; .Xk+1· We also know by construction that /1-k+l :<::; lui 
lu' 1. Combining these equalities and running over all k yields J1. C .X as 
desired. D 

2.1 Relationship to Greene's Theorem 

Greene's Theorem only tells us about the maximum sum of lengths of 
disjoint increasing sequences. It is not generally true that one can find d 
disjoint increasing subsequences u 1 , u 2 , ... , ud of a- with ui of length Jl.i for 
each i. In other words, the shape of a permutation does not tell us the 
lengths of the subsequences in a set of d disjoint increasing subsequences of 
maximum total length; it just tells us the maximum total length. 

Example 12. Consider the permutation a-= 236145 of shape (4, 2). The 
only increasing subsequence oflength four is 2345. However, the remaining 
two entries appear in decreasing order. Greene's Theorem tells us that we 
should be able to find two disjoint increasing subsequences of total length 
6. Indeed, 236 and 145 work. 

Nonetheless, such a collection of subsequences {ui} does exist when a-
is a separable permutation. 

Proposition 13. Let a- be a separable permutation of shape Jl.. For any 
d 2': 1, there exist d disjoint, increasing subsequences u 1 , ... , ud such that 
the length of each ui is given by /1-i· 

Theorem 1 and Proposition 13 are superficially similar. We have already 
shown how Theorem 1 follows from Proposition 10 (and Greene's Theorem). 
Proposition 13 follows even more immediately. 

Proof of Proposition 13. We can construct such a sequence via d appli-
cations of Proposition 10. In particular, given the u 1 , ... , ui for some 
0 :<::; i < d, produce ui+l by applying the proposition with k = i. D 

Proposition 13 has a very simple proof relying on the recursive definition 
of a separable permutation as one that can be built up by direct and skew 
sums [4]. (The proof follows directly from Proposition 4 of [2].) However, 
we have been unable to follow a correspondingly direct proof of Theorem 1. 
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3 Supersequences 

Let B Sn be a set of permutations. A word w is a supersequence of B if, 
for all fJ E B, fJ is a subsequence of w. Note that for w to be a supersequence 
of {f7}, the actual entries of fJ must occur (in the same order) in w; this is 
in contrast to pattern containment in which we need only find elements of 
w in the same relative order. 

Example 14. The word w = 2214312 is a supersequence of 132 but not of 
321. In fact, w is a supersequence of the set B = {132, 312, 213}. 

Let SCSn(B) denote the minimum length of a supersequence of the set 
B. An upper bound of SCSn(Sn) :::; n 2 - 2n + 4 has been proven by a 
number of different researchers in various contexts and generalities. See in 
particular [1, 6, 10, 11, 12, 17]. Recently, an upper bound of n 2 - 2n + 3 
was proven constructively for n 2: 10 by Zalinescu [18]. Kleitman and 
Kwiatkowski [8] have shown that scsn(Sn) 2: n 2 - Cn7/4+e where c; > 0 
and C depends on c;. 

For the remainder of the paper, we will think of the shape of a per-
mutation as a Ferrers diagram. As such, taking the "union" of several 
shapes will amount to overlaying their Ferrers diagrams (This is in con-
trast to the usual notion of union for integer partitions in which all parts 
get interleaved.) More precisely, take shapes /1 1 = sh(f71), ... , I-Lk= sh(f7k) 
corresponding to k permutations f7 1 , ... ,f7k. We define the union Uish(f7i) 
to be v = (v1, v2, .. . ) where vi= max{fLLfLT, ... ,fL7}. 

It turns out that for certain sets B, we can construct a lower bound for 
SCSn(B) by considering the union of sh(f7) as fJ runs over the elements of 
B. To do this, we need the following fact. 

Lemma 15. If 1-L is a partition then there exists a separable permutation 
e with sh(e) = 1-L· 

Proof. LetT be the superstandard tableau of shape 1-L· Fori < j, the entries 
in row j are greater than, and precede, the entries in row i. It follows that 
rw(T) avoids the pattern 213 and hence that rw(T) is a 2413,3142-avoiding 
permutation (i.e., is separable). By construction sh(rw(T)) = 1-L· Hence we 
can set e = rw(T). D 

Fix k > 0 and B = { f7 1 , ... , f7k} with each fJi separable. It follows then 
from Proposition 13 that for any supersequence w of B, sh(w) Ui sh(f7i)· 
Hence, if we choose the fJi so that the Ferrers diagrams of shapes sh(f7i) 
overlap as little as possible, we force any supersequence w to be relatively 
long. 
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Example 16. Let n 
{a1, ... ,as} as 

9 and k 5. Choose the permutations B 

0"1 = 123456789, 
O"z = 678912345, 
0"3 = 789456123, 
0"4 = 978563412, 
0"5 = 987654321, 

sh( a I) = (9), 

sh( a 2 ) = (5, 4), 
sh(a3) = (3, 3, 3), 
sh(a4 ) = (2, 2, 2, 2, 1), 
sh(as) = (1,1,1,1,1,1,1,1,1). 

The un;on of the eo"""pond;ng Fenem d;agmm' ;, r=; we ""e that 

sh(ai)l = 23. A computer search provides the length-23 supersequence 

6 9 7 8 7 59 6 54 312 3 4 56 7 8 912 3, 

thereby showing that this bound is optimal. 

Let v( n) be the Ferrers diagram obtained by taking the union of all 
Ferrers diagrams of size n. 

Proposition 17. Let T(i) denote the number of divisors of i. Then lv(n)l = 
T(i) and the number of corners (i.e., distinct row lengths of v(n)) is 

given by h/4n+1J -1. 

d times 

Proof. For each divisor d of n, the shape (njd, ... , n/d) will be contained 
in v(n). Furthermore, the cells (d, njd) are the only corners that are not 
part of v(n- 1). The result lv(n)l = T(i) then follows by induction. 
(In fact, the nested sequence of Ferrers diagrams v(1) c v(2) c · · · c v(n) 
can be thought of as a semistandard Young tableau of shape v(n) in which 
the label i occurs T( i) times.) 

We now prove that the number of corners of I v( n) I is l y' 4n + 1 J - 1. 
Let k be the largest integer for which a k x k square is contained in the 
diagram of v(n), that is, k is the number of cells on the main diagonal 
in v(n). We have that k2 :::; n. The cell (k, k) is a corner of v(n) if and 
only if k(k + 1) > n, i.e. (k, ... , k) is not contained in any diagram of size 

'"--v--' 
k+l 

n. We claim that the rows 1, ... , k of v( n) will each contain a corner of 
v(n). For 1 :::; i < k, row i ends at (i, ln/iJ) while the row below ends 
at (i + 1, ln/(i + 1)J). Using the fact that k :::; fo, a short algebraic 
computation shows that ln/(i + 1)J < ln/iJ. Hence we have a corner in 
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the i-th row for 1 :::; i < k. We also have a corner in the k-th row by choice 
of k. The same argument holds for the first k columns, so the total number 
of corners is 2k- 1 if (k, k) is a corner and 2k otherwise. 

Now we need to show that our above formulas for the number of corners 
(i.e., 2k - 1 or 2k) can be expressed in terms of n as h/ 4n + 1 J - 1. For 
reference, note that (2k) 2 = 4k2 , (2k + 1)2 = 4k2 + 4k + 1 and (2k + 
2)2 = 4k2 + 8k + 4. Suppose (k, k) is a corner. As mentioned above, this 
implies that k(k + 1) > n. So n = k2 +a for some 0 :::; a < k. Then 
l v'4n + 1J - 1 = l y'4(k2 +a)+ 1J - 1 = 2k- 1, as desired. Similarly, if 
(k, k) is not a corner, then n 2:: k(k + 1) and, by choice of k, (k + 1)2 > n. 
So n = k2 +a for some k :::; a :::; 2k. In this case, l vf4n + 1J - 1 
lJ4(k2 +a)+ 1J -1 = (2k+ 1) -1 = 2k as desired. 

0 

It is a standard fact that r(i) = n(log n + 21'- 1) + 0( Jn") where 
1' 0.57721 · · · is the Euler-Mascheroni constant (see, e.g., [3, Theorem 
3.3]). Hence, for any n we can find l v'4n + 1 J - 1 permutations whose 
supersequence is of length at least n(ln n + 21' + · · · ). Compare this with 
n! permutations having a supersequence of length O(n2 ). 
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